ME235A Finite Element Anlysis
Fall, 2001

Solution to Problem Set #3
Oct. 24 2001

Exercise 2 (page 46) (The problem is not restated.)
i. The variational equation is

a(wh,uh)Jr(wh,/”tuh):(wh,f)+wh(0)h
Let u”" =v" +gh,then,
a(w" v+, ")y =", ) +w" (0h—a(w',g")—(w,2g")

ii. Let w' =Y ¢,N, and v =) d N,
A=1 A=1
a(chNA:deNB)"'(ZCANAJ*ZdBNB)
A=1 B=1 A=1 B=1

=Q e N+ e N, (Oh—aD c,N,g")V - c,N,2g")
A=1 A=1 A=1 A=1

A=1 B=1

This can be written as ZKABdB:FA A=1,..,n

B=1
where K ,, =a(N ,,N,)+(N ,,AN;).
The element stiffness matrix k¢ = [kjb ]is given as
k:b :a(Na’Nb)e +(Na’ﬂ’N2)e

i k= [N, (ON, (O () dE+A] NN, ()x ()dé

L A 1k
pe o L[0T a2 1| TS TR
-1 1] 611 2 1 A1 Ak
+ +
6 k3

iv. KAB:a(NAJNB)+(NAaMB)=a(NAaNB)+(NA5ﬂ”NB)
=a(Nyg,N,)+A(Ny,N,)=a(Ny,N,)+(Nyz, AN ) =K,

v.Lete= {c4},4=1, ..., n. Use the components of ¢ to construct a vector w'in V.

h_
w —ZCANA
A=1

c"Ke= ZCAKABCB = ZCA[a(NA,NB)—i-/I(NA,NN)]cB

A,B=1 A,B=1

Zn:CA{Zn:dB(a(NA:NB)"'(NAs/lNB))}:Zn_:CA[(NA:f)"'NA(O)h_a(NA:gh)_(NA:ﬂ“gh)]
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:a(ZcANA,ZCBNB)+/1(ZCANA,ZCBNB)za(wh,wl’)+ﬂ,(wh,wh)
A=1 B=1 A=1 B=1
1 1
=.|.(w,’;)2dx+/lj'(wh)2dx >0
0 0
Assume ¢'Ke = 0. Then,

1 1

wY dx+ Al (W) dx =0 *
! (_0,3 l(%) (*)
So, W (x) =0, for all x e [0, 1], which means that c, =0, 4 =1, ..., n. Therefore, ¢ = 0.
It is unnecessary to use the boundary condition w”(1) = 0, as since | is positive, the
second term of (*) leads to w" = 0.

vi. au—u" W+ Au—-u",w")=0 "W e V!
a(u—u", @)+ Au-u",g)=@u-u",8,)=u(y)~u"(y)
However, since g — V" for the linear basis functions,
”(XA)_”h(xA) #0
The solution is not nodally exact.

vii.  u"(x)=ce” +ce™”
which must satisfy the conditions,
u"(xf)=df =c, exp(px{)+c, exp(-px;)
u"(x3)=d; =c, exp(px;)+c, exp(-px;)
write the above equations in matrix form,
{exp(pr) exp(~px{ )}{cl } _ {df}
exp(px;) exp(—px;) |l ¢, | |d,
Solve for the constant c’s
dy exp(px;)—d, exp(px;)
“l exp(2px; ) ~exp(2px; )
Lj | =g exp|p(x +2x) |+ d exp[p(2xt +x9)]
exp(2px;) —exp(2px;)

We have
u' (x)=d;N,(x)+d;N,(x)
where
_exp(px;) exp(px) — eXp[p(Xf +2x; )JeXp(—pX)
N,(x)= . .
exp(2px; ) —exp(2px;)
_ —exp(px) exp(px) +exp|p(2x¢ +x5) |exp(~px)
N, (x)=

exp(2px; ) —exp(2px;)
If we can show g e V" when v is a nodal point, the finite element solution is nodally
exact. (See vi.)
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_ ce™+c,e”™ 0<x<y
gy)=y " .
c,e” +ce y<x<I1
where the ¢’s are determined from the boundary conditions as
e‘]’y
cl = cZ =

p—1
3 e ”(+e™)
(P —e™)
e—p(y—Z) (1 + e2py)
(p-1E” )

Now we can show that g(x) can be represented as a linear combination of the basis
functions N; and NV,, i.e.,

e—Py

Gy

g1 =" 4 e = AN () + BN ()
PA+e?” P02 (1 4 2P
8200 ( ; 1)(( 2pye 21’) e’ - (e 1)( (2py - 2p)) e =CN,(x)+DN,(x)
p—ife — —e p—De™ —e
where
e (e3px1 el )(eprl _eszz )
(p—1)(e™™ —e7m)
_ e_Py (epxl +ePX2 )(1+62px2 )
(]?_1)(621”(1 +esz2 +ep(x1+x2))
Co e 2w (621”‘1 _e2pxz )(eprl +ep(3x1+y) +e17(2+x2+y) +ep(2+x2+3y)

(p _ 1)(e4px1 _ ep(xl+3xz) )(eZPy _ 62”)
e—Zpy (epxl +ele )(621%2 + ep(2+y) + ep(ZXz +y) + ep(2+3y))

(p _1)(e2pxl + e2pr + ep(xlﬂm )(eZPy _eZP)

so that, if y is a nodal point, g ce V", and the finite element solution is exact at the
nodes.

u(x)—u" (x) =0

Section 1.16 (page 49) (The problem is not restated.)

a. i. Assume u @ H” is a solution of (S). Then, since u (1) =0 and u, (1)=0, u & S. For
any function w e V,
1

[wlEn .. - flax=0

0
Integrating by parts twice, and using the prescribed moment and shear boundary
conditions and that w (1) =0, w, (1) =0,
1 1
0=—[w, Elu .dc— [ whix—w(0)Elu . (0)
0

0
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=\ wElu  dx— | wfdx—-wO0)Elu . (0)+w_ (0)Elu_ (0)

XXX

w  Elu  dx — | wfdx —w(0)Q +w_ (0)M

e S
St~ O —

for all w @ V. Therefore, u is a solution of (W).

ii. Assume u is a solution of (W). Sinceu ® S, u (1) =0 and u, (1) =0.
1

1

j w Elu  dx= j wfdx—w . (0)M +w(0)Q
0 0

Integrating by parts twice, and using the fact that w (1) =0 and w, (1) =0,

1 1
0=—[w, Elu . dc— [ whix+w (M -w0)Q-w, (0)Elu
0

0

= fdx+w ()M ~ Elu . (0)) = w(0)(Q - Elu . (0))

L XXXX

= j w(Elu
0

Take w=¢(Elu ..,
T(0) = F,(0) = 0. Then,

1
0=[$(Elu . —f) dx
0 >0
Since F>0onW,
Eluy=f on W
Now, since in general, w(0) J 0 and w,(0) J 0, we have
Elu_(0)=M
Elu .. (0)=0

Therefore, u is a solution of (S).

} natural boundary conditions

b. w'(x)=c, +c,x+ex’ +c,x’
which must satisfy
w'(x,) =c, +c,x, +c3x) +c,x;
w' (x,)=c, +c,x, +c3x; +c,x;
w,’; (x,)=c, +2c,x, +3c,x;
wf; (x,)=c, +2¢,x, +3¢,X;

These conditions can be written as

1 x x5 x |¢ w'(x,)
1 x, x3 x5 |¢ 3 w'(x,)
0 1 2x, 3x|e | |whi(x)
0 1 2x, 3x7|ci] |whixy)

Solving for the ¢’s, we get

— ), where T is smooth, T(x) > 0 for x ® W, and (1) = (1) =
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2

wh (x )(3x1 X,)X; —wh(x )x1 (x1 3xz) W,’;(xl)xhx ( )xl )
€ 6xx 6xx x,(2x, +x x, (x +2x
cz Wh(.xl) 2 —w ( ) 2 ( ) 2( hl 2) ch(xz) ( lh2 2)
s W (x )3(x1+x2)+wh(x2)3(xl+x) ( )x1+2x2_w x )2x1+x2
Cy

2 2 1 1
I w (xl)h_3_wh(xz)h_3+w,x(x1)h_2+w,x(x2)h_2

Now, we have

w” (x) = N, ()w" (x,)+ N, (x)w" (x,)+ N, (.X)W’};(Xl)-i-NA‘ (X)W,}; (x,)
where
N, ()= 8% ;l;cz)xi+6J23xzx_3(x1h+3-xz)xz h% 3:(x—x2)2[f;3+2(x—x1)]
2 2 2 _ B 5
N2<x)=_x;§z Xy ( lexz) _xlzzxz z+h% s _(x xJ}S x;)
N3(x):_x12(x1h:3x2)_6);13xz x+3(xlh‘|3‘xz)xz _h%x3 :(X—xl)z[};lZZ(x—xz)]
] 2 2 ) (x—
N4(x):_x;l)zcz+x1(x1h‘|2' xz)x_ th‘l'xz x2+h%x3:(x xl)hz(x X,)
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Element shape functions

1

Ny’

0

X2

1

\
X1 p%) X1
/

Ny

0

X1 X2 X1

Corresponding global conterparts

For N;° and N;°

X4-1 X4 XA+1

For N,° and Ns°

X4-1 X4 XA4+1

X2



