ME235A Finite Element Analysis
Fall, 2001

Solution to Problem Set #5
Nov. 19 2001

Exercise 1 (page 71)

o(x)=lg,}= DL’ =—n<x>v[§ Nad:j
= —D(x)nZin: VN,d¢ = —D(x)nz:: B, d:

Exercise 2 (page 71)

Given £ W@ N, g: 6, @ N, and h: G, @ N, find u: Q @ N such that
q,,=f mnQ
u=g onl,
Au—qn,=h onl,

Weak formulation

0= J. W(qi,i _fﬁQ
o)

= _.[ w,q,dQ+ J.qu‘nidr_jwfdﬂ
Q T, Q

=~ w,q,dQ+ [ w(Au—h)dr - [ whdQ
Q T, Q
So, the variational equation is
a(w’u)+ (W’ l“)r,, = (W’ f)_ (W’ h)r,,
and the element stiffness matrix is given by
ke = a(Na’Nb)Qe + (Na’/?’Nb )r,f

Positive definiteness of K
Ky = a(NA’NB)+ (NA’;LNB)Fh

where P =1D(4), Q = ID(B)

Let ¢ = {cp}, and the associated w" & V" be w" = ZNAEA , where Ca= ¢y, P=1D(A).

Aen-n,

i. ¢" Ke = iCPKPQCQ = ZEA[a(NA’NB)+(NA’/1NB)F,, ]EB

P,0=1 A,Ben-n,

:a( > N,ca, ZNBEB}{ > N,ca,h D Nycs

Aen-n, Ben-n, Aen-n, Ben-n, r,
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=alw",w" )+ Aw",w
(" w" )+ 200" w" ),
i s dQMjL >0

>0

ii. Assume ¢’Ke = 0.
jw, Uw dQ+/1j far=o

%,_/
>0

which means W,-’(,-J-Wj =0and w" =0

Therefore w" = 0,ie.,c,=0and c=0.
Exercise 1 (page 75)

global node numbers (A)

12345678910 11 12
D=[1 23400005 6 7 §

IEN array
element numbers (e)
1 23 4 5
1[4 6 5 7 9
L2103 57 8 10
mmes@ 311 3 9 10 12
412 4 3 9 11
LM array
element numbers (¢)
123 45
1[4 0005
local node 2 3 0 0 0 6
mmes@ 3l 3 5 68
412 4 3 5 7

Exercise 8 (page 107)

i. —jw q,dQ = jwfdQ+jwhdr+jwhdr

(the bar over h is to distinguish between the known (prescribed) flux on G, and the
unknown flux on G,.)

Integrating by parts,
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J.WC]”dQ jwan,dl“ qul '[wfdQ+J.whdF+J‘whdF
0= j wlg,, - f)dQ [wlg.n, +h)dr f (q,n,+h)dr
I
Leta=gq,,—f, B=qn +h, }/:qini+h'
Following the text, choose w=aj, where j =0o0n G, J > 0in W and J is smooth (J e V).
Then, 0 = J-(oa dQ+0 sothata=0inW.

Q>0 20
Now, choose w = b, where ¥ =0 on Gz, ¥> 0 on G, and T is smooth (f & V).
Then, 0 = J-¢ﬂ2dl“+0 so that b = 0 on Gy,
i

r/, >0 >0
Now, choose w = gy, where y = 0 on G, y > 0 on G,, and Y 1s smooth (y & V).
Then, 0 = Iwyzdf so that g = 0 on G,.
D
Iy>0 >0
The Euler-Lagrange equations are
=f inW
—q,n;, =h onG,
—q.n, = h on Gg

ii. The variational equation is B
a(w,u) = (w,f)+ (W’h)r,, + (w,h)Fg
The Galerkin formulation
u h — vh + gh

a(wh,vh)—(wh,zhjrg = (wh,f)+ (wh,h)rh — a(wh ,gh)

Let w'=> Ny, ,v'= Y N,d,, h" =Y N,hs,and g" = > N,g,

Aen Aen-n, Aen, Aen,

(note that w' is over all the nodes)
Then, for "4 @& h

za(NA’NB)dB - Z(NA’NB)FgZB :(NA’f)+(NA’h)r,, - za(NA’NB)gB

Ben-n, Ben, Ben,
The matrix formulation is

Kd—-Kh=F
where
K:lKPQJ? Kpp :a(NA’NB) (Mnp K 11eq)
K= [EPQJ’ EPQ = (NA’NB )rg (Mnp K (Mp — Neg))
d:{dg} (g L 1)

= {ZQ} ((mp —neg) L 1)
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F= {FP}’ Fp :(NA’f)+(NA’h)rh - Za(NA’NB)gB (rnp L 1)
P=1D(4), O = ID(B) g

Or, we can write (check to see that the matrix dimensions allow this, letting us solve for
both d and h)

—1d
K K }:F
LJ;, o

n,, XN Mp !
p X Mp =

7,y %1

Exercise 1 (page 81)

symmetry

a(w,u)_

f Wi Conatt ) 2= [t €, dQ =

jwfdQ jfwdQQ (fiw)

(w’h)r,, = i(jwihzdrl = i[ jhiwidr] = (h’w)r,,
i=1 T, i=1

a(u, w)

(cluj +C2Vj ),i): clu(i’j) +c V(i )

a(c1 u+c, v,w )cl.jklw(k,,)dQ

T,
bilinearity
(c1 u+c, v,w I( U+ Cy V)i 3 Cia Wik, d€2
Q
(c1u+c2 :%((cu +cv
-]

(clu )+ v
CIJ‘u Co Wi, A2+ ¢,
Q
=c,(w,w)+c,(v,w)

(cl u+c, v,w) = j(clu + czv)i w,dQ) = c,
Q

[ Ve Ciminde

Q

J.uiw,.dQ + czj-vl.widQ =, (u, w)+ c, (v, w)

Q Q
Ny Ny Neg
(cl u+c, v,w)rh = z I(clu,. +c,v, )w,.dF = clz IuiwidF + sz
i=1 rh[ i=

J- v,w,dl
T,
=G (“’ W)rh TE6 (v,w)
Exercise 2 (page 82)

i=1 T,

Wi, \CimU k) = WanCunten) T WenCunt2,2) T We)Cunka2) T WaCiail2,)
T Wo,0)Connt 1) T We2)Crnle,r) T Weo)Crntir) T Wea2)Caula,)
T Wi Cranta,n) T Wae2)Cri2te,2) T We,2)Cra28(1,2) T Wi,2)Ci2218(2,1)

T WonConti,n) T Weo)Caunt2,) T We)Canka) T Wei)Caal(2,)
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= W(l,l)(cllllu(l,l) T Cnlpo) T 2Clllzu(l,z))
+ W(z,z)(czzllul,l T Coplny) + 202212”(1,2))
+ 2""(1,2)(01211“(1,1) T CoplUp o) T 26'1212“(1,2))
Since

2W(l,z) =Wt Wos 2”(1,2) =Uy tUy,
and ci211 = 1112, €2211 = C1122, C1222 = C1212,
S Cnz Cun
Wa, )CimUn) = {Wl,l Won Wi tWo 1 Clima Comn Coopp

Cliz S22 Con

= s(w)T De(u)
Exercise 3 (page 82)
T —

Wi D, D, D; D, Dgy
W,» * D, D, D, Dy

w. ° ° D D D
£(W)T Ds(”): 3,3 33 34 35
W, 5 + Wi, ° ° ° D44 ])45
Wi+ Wy, i ° i e Dy

W1,2 + W2,1 L ° ° ° ° °

(The dots indicate symmetric elements)

Dy = ciju

1/J ilk jll
1 1 1
2 2 2
3 3 3
4 2 3
4 3 2
5 1 3
5 3 1
6 1 2
6 2 1

Exercise 4 (page 82)

U,

U,
U, +u,,
D Uy,
D, U,
Dy Us;
Dy ||Uys +ts,
Dy || uy 5 +uy,
Dy || U1 + Uy,
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Oy = CyUip) = Ecijkl (”k,l U, )

=Cynlhy,y T Cunlly, +Cypy (ul,z + ”2,1)

St S22 Cnne Uy,
Da(u): Ciiz Co2p Coopp Uy s

LCiiiz € Cronp [[Uip T Uy,

CrinlUyy T Crnlly ) 6 (”1,2 + ”2,1) Oy
=9Conly T Coply +02212(”1,2 +”2,1) =490p =0
Conlhyy + Crpplts 5 +Cpppy (”1,2 + ”2,1) 0y,

And similarly for ny; = 3.
Exercise 5 (page 83)

Cijw = H (x 040, +0,0, ) + ﬂ(x)é‘ff Ou

for nyg =2
Dii=ciin=2m+ |
Dp=cin=1
Diz=cii2=0
Dy =cppn=2m+1
D3 =c»12=0
D3z =cpi2=m
So that
2u+A A 0

D= . 2u+A 0
[ [ IL[

forng =3
Diu=cun=2m+1
Dip=cin=1I
Diz=cus=1
Dy =cnp=2m+1
Dy =cpn=1|
Ds33 =c3333 =2m + |
Dys=cp3p3=m
Dss=ci3i3=m
Dgs = cr2i2=m
D14 =Di5=Dis = D24 = D5 = D¢ = D34 = D35 = D36 = D4s = Dss = D5 = 0
So that,



ME235A Finite Element Analysis

Fall, 2001

2+ A
[ ]
[ ]

D=

[ ]
[ ]

L [ ]

Exercise 1 (page 87)

A
2u+A
[ ]

[

A

A
2u+A

[ ]

[ ]

e T o ©o© o

e T O o o o

" © © © © ©

Ky :a(NA e,N, ej):'[s(NA e,.)T Ds(NB ej)dQ

for nyy = 2,

for nyy = 3,

where

e}
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_NA’I 0 _
0 N,,
0 0 N
BA _ 4,3
0 NA,3 NA,z
NA,3 0 NA,I
_NA,2 NA,I 0 |

Exercise 1 (page 91)

a(x) = D(x)s(uh )

Exercise 1 (page98)

ID array

Global node numbers (A)

1 23 45 6 7 8
130579012}

2 4 0 6 8 10 11 13

1
Golbal degrees of freedom (i)

IEN array
Element numbers (e)
—
1 2 3 4
111 1 4 8
212 3 3 6
Local node numbers (a)
318 4 5 5
417 2 6 7

LM array
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Element number (e)
1 2 3 4
11 1 5 12]
212 2 6 13
313 0 0 9
' 414 0 0 10
Local equation numbers (p) 5 12 5 7
613 6 8
710 3 9
8 [11 4 10 11]




