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Exercise 2 (page 71) 
 
Given f: W Ø Ñ, g: Gg Ø Ñ, and h: Gh Ø Ñ, find u: Ω  Ø Ñ such that  
  Ω= in fq ii ,

  gΓgu on =

 hii Γhnqu on =−λ  
Weak formulation  
  ( ) Ω−= ∫

Ω

dfqw ii ,0

  ∫∫∫
ΩΓΩ

Ω−Γ+Ω−= wfddnwqdqw
h

iiii,

  ( ) ∫∫∫
ΩΓΩ

Ω−Γ−+Ω−= wfddhuwdqw
h

ii λ,

So, the variational equation is  
( ) ( ) ( ) ( )

hh
hwfwuwuwa ΓΓ −=+ ,,,, λ  

and the element stiffness matrix is given by 
( ) ( e

h
e baba

e
ab NNNNak ΓΩ += λ,, )

)

 
 
Positive definiteness of K  
 ( ) (

hBABAPQ NNNNaK Γ+= λ,,  
where P = ID(A), Q = ID(B) 
 
Let c = {cP}, and the associated wh œ Vh be ∑

−∈

=
gA

AA
h cNw

ηη

, where PA c=c , P = ID(A). 
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  ( ) ( )
h

hhhh wwwwa Γ+ ,, λ=  

  ( ) 0
0

2

0

≥Γ+Ω ∫∫
Γ ≥Ω ≥ h

dwdww hh
jij

h
i 32143421

λκ ,,=  

ii. Assume cTKc = 0. 
  ( ) 0

0

2

0

=Γ+Ω ∫∫
Γ ≥Ω ≥ h

dwdww hh
jij

h
i 32143421

λκ ,,

which means  0 and 0 == hh
jij

h
i www ,, κ

Therefore wh = 0, i.e., cp = 0 and c = 0. 
 
Exercise 1 (page 75) 
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Exercise 8 (page 107) 
 
i.  ∫∫∫∫

ΓΓΩΩ

Γ+Γ+Ω=Ω−
gh

dhwwhdwfddqw ii,  

(the bar over h  is to distinguish between the known (prescribed) flux on Gh and the 
unknown flux on Gg.) 
Integrating by parts, 
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 ∫∫∫∫∫∫
ΓΓΩΓΓΩ

Γ+Γ+Ω=Γ−Γ−Ω
ghgh

dhwwhdwfddnwqdnwqdwq iiiiii ,  

 ( ) ( ) ( )∫ ∫∫
Γ ΓΩ

Γ+−Γ+−Ω−=
h g

dhnqwdhnqwdfqw iiiiii ,0  

Let fq ii −= ,α , hnq ii +=β , hnq ii +=γ . 
Following the text, choose w = aj, where j = 0 on G, j > 0 in W and j is smooth (j œ V).  
Then,  so that a = 0 in W. {{ 00

0

2

0

+Ω= ∫
Ω ≥>

dαϕ

Now, choose w = bf, where f = 0 on Gg, f > 0 on Gh, and f is smooth (f œ V). 
Then,  so that b = 0 on G{{∫

Γ ≥>

+Γ=
h

d 00
0

2

0

βφ h. 

Now, choose w = gy, where y = 0 on Gh, y > 0 on Gg, and y is smooth (y œ V). 
Then,  so that g = 0 on G{{∫

Γ ≥>

Γ=
g

d
0

2

0

0 γψ g. 

The Euler-Lagrange equations are  
  in W fq ii =,
  on Ghnq ii =− h 

 hnq ii =−  on Gg 
 
ii. The variational equation is  
 ( ) ( ) ( ) ( )

gh
hwhwfwuwa ΓΓ ++= ,,,,  

The Galerkin formulation 
  hhh gvu +=

 ( ) ( ) ( ) ( )hhhhhhhh gwahwfwhwvwa
h

g

,,,,, −+=




− Γ

Γ
 

Let w , , ∑
∈

=
ηA

AA
h cN ∑

−∈

=
gA

AA
h dNv

ηη
∑
∈

=
gA

AA
h hNh

η

, and ∑
∈

=
gA

AA
h gNg

η

  

(note that wh is over all the nodes) 
Then, for "A œ h 

( ) ( ) ( ) ( ) ( )∑∑∑
∈

Γ
∈

Γ
−∈

−+=−
g

h
g

g
g B

BBAAA
B

BBA
B

BBA gNNahNfNhNNdNNa
ηηηη

,,,,,   

The matrix formulation is  
 FhKKd =−  
where 
 [ ] ( BAPQPQ NNaKK ,,K == )    (nnp µ neq) 

 [ ] (
gBAPQPQ NNKK Γ== ,,K )     (nnp  µ (nnp – neq)) 

 { }Qd=d        (neq µ 1) 

 { }Qh=h        ((nnp – neq) µ 1) 
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 { } ( ) ( ) ( )∑
∈

Γ −+==
g

h
B

BBAAAPP gNNahNfNFF
η

,,,,F  (nnp µ 1) 

 P = ID(A), Q = ID(B) 
 
Or, we can write (check to see that the matrix dimensions allow this, letting us solve for 
both d and h) 
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Exercise 1 (page 81) 
 
symmetry 
 ( ) ( ) ( ) ( ) ( ) ( )wu,uw, ,,,, adwcuducwa jiklijlklkijklji =Ω=Ω= ∫∫

ΩΩ

 

 ( ) ( )wf,fw, =Ω=Ω= ∫∫
ΩΩ

dwfdfw iiii  
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Γ= ∑ ∫∑ ∫ wh,hw,

11

bilinearity 
  ( ) ( )( ) ( )∫

Ω

Ω+=+ dwccccca lkijklji ,,vuwv,u 2121

 ( )( ) ( ) ( )( ) ( ) ( jijiijjjiiji vcucvcucvcuccc ,,,,,vu 21212121 2
1

+=+++=+ )  

  ( ) ( ) ( )( ) ( )∫
Ω

Ω+=+ dwcvcuccca lkijkljiji ,,,wv,u 2121

( ) ( ) ( ) ( )∫∫
ΩΩ
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( ) ( )wv,wu, 21 cc +=  
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Exercise 2 (page 82) 
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Since  
 , ( ) 1221212 ,,, www += ( ) 1221212 ,,, uuu +=  
and  c1211 = c1112, c2211 = c1122, c1222 = c1212, 
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Exercise 3 (page 82) 
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(The dots indicate symmetric elements) 
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And similarly for nsd = 3. 
 
Exercise 5 (page 83) 
  
 ( )( ) ( ) klijjkiljlikijklc δδλδδδδµ xx ++=  
 
for nsd = 2 
 D11 = c1111 = 2m + l 
 D12 = c1122 = l 
 D13 = c1112 = 0 
 D22 = c2222 = 2m + l 
 D23 = c2212 = 0 
 D33 = c1212 = m 
So that 
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λλµ
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for nsd = 3 
 D11 = c1111 = 2m + l 
 D12 = c1122 = l 
 D13 = c1133 = l 
 D22 = c2222 = 2m + l 
 D23 = c2233 = l 
 D33 = c3333 = 2m + l 
 D44 = c2323 = m 
 D55 = c1313 = m 
 D66 = c1212 = m 

D14 = D15 = D16 = D24 = D25 = D26 = D34 = D35 = D36 = D45 = D46 = D56 = 0 
So that, 
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Exercise 1 (page 87) 
 
 ( ) ( ) ( )∫

Ω
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for nsd = 2, 

   ( )























=

















+
=

2

1

12

2

1

2112

22

11

0
0

i

i

AA

A

A

iAiA

iA

iA

iA

NN
N

N

NN
N
N

N
δ
δ

δδ
δ
δ

,,

,

,

,,

,

,

eε

since,  








=
2

1

i

i
i δ

δ
e

  ( ) iAiAN eBeε =
where  
















=

12

2

1

0
0

,,

,

,

AA

A

A

NN
N

N
B  

 
for nsd = 3, 
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