ME235A Finite Element Analysis
Fall, 2001

Solution to Problem Set #6
Dec. 12 2001

Exercise 6 (page 84)

The weak form of the problem is
jwua dQ = jwfdQ+ijhdr
i=1 r‘h
Separating into element domains and integrating by parts,
> w,0,d2=3 [w.fd2+y [whdr
e=l e=l O i=1 T,

n,

J-WO' dQ+Z J.WO' n,dl :i.[wifidﬁ+§ J.wihidf

i<l g e=1 O =lr,
Since
nlnzdjwandf ijadf+jw[al,l]dl"
e=l i=l e i=lT,
0= an. (0' +f)a’Q ZJ‘WO' —h)dT j
e= =T,

For globally smooth w; and u;, the Euler-Lagrange equatlons are
o;+f,=0onW

o, =h  onl,

Exercise 1 (page 114)

From
x] [ -1 -1 1][e, yel [T -1 =1 1](B,
x| |11 -1 —1|e yil |1 1 -1 —1}|4
b S T A yel (11 1 114
x| (1 -1 1 -1]le; yel 11 -1 1 -1)|5

Solving for the a’s and b’s,

a, X[ +x5+x5+x, By Vit tysty
oy | 1 ]=x)4x+xs - x] Bl 1 )=yi+y;+y;-y;
a, T4 —xf = xi Xl xl | i3 4 VY tYs s
a, xX{ —x; +x; —x; B Yi=Yityi =V,

Substituting the a’s and b’s and rearranging, we have



ME235A Finite Element Analysis
Fall, 2001

( N7 ) i(xl + x5 +X; +x4)+‘1‘§( xf+x§+x§’—xj)+l77(

e e e e
— X, — X5 +X; +x4)

+%§77(xf —X; +X; —xj)

= =20t (0 £)i=mhss o (e N+

( é)(1+77)x4
w(&m)= 1(y1 Syl )+ if( yf+y§+y§—yi)+l77(—yf—y§+y§+y§)

4
#énlyt —y5 45 -7)

=%(1—cf)(1—n)yf +i(l+f)(l—77)y§ +%(1+5)(1+,7)y§ %(

1=¢N1+n)ys
Comparing with
4
x(g’n): ZNu( ’n)xcet
a=1

5 77)=ZNa(cf,f7)yZ

We can see that

N, (5)=i(l+§a§)(l+m77)

Exercise 1 (page 123)
3 '
x=ZNa x;
a=1
where
1
— 1-
i )
N, iwxl )
w1
N, E(l"'ﬂ)
So, we have
1
Z( 7])(—)61 +X2)
1 1 1
X, =—Z(1—§)x1 —Z(l+§)x2 —i—2x3
1
=, - n\-yi+5)

1 1 1
v, =—Z(1—§)yf —Z(1+§)y§ o0
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Taklng ylezo, x;:O’ y;:l) erO, y;ZO and 5277:0,

1 1 .,
X, x, XL S
j=det| < =det| 4 4oL
Ve Vo 1 1 8

4 4

0.2

0.1 r

-0.1 ¢

-0.2

Notice that when x; <0, the nodes are no longer in counterclockwise order, and the
negative Jacobian reflects that fact.

Exercise 1 (page 128)

[1-4)
L (&)=
[16.-¢)

Nllf(-(f:%iéxfll)l = les e ey
N, =0 = cf+1( /X‘f e e

k- /1/ )76 k-l
: (jjll)((j+//xf/l 1) 27(5+1)(f+%k—1>

R = A

4: =
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Exercise 2 (page 130)

10 9
‘(@ o o o3
11 ‘ ................... ‘16 .......... ‘15 .......... ‘ 8
= @ o—> x |
1 2 ‘ ................... ‘13 .......... ‘14 ......... ‘ ] 2 3 4
([ @
] 5 6 2

N, =€ ()= 256( 74 574 ) (RS 74 'R 4 UV
N, =60 )=l + ke s Jkn= Vo)1)
Ny =B @)= e+ e+ ke = ke o+ S k- )

N, =)=+ ke = J4Ne =+l + 14 )

A

A



ME235A Finite Element Analysis
Fall, 2001

=
[

s =LEr () 222 ele= Yhe-lo+ Y ko 4 )n-1)
L(EN () ;:Z 1)(§+/ch 1)(77+/X77 /Xn
B2+ e+ ke Y+l - Yo
RO 2435 e+ e - Km0+ 4 Jn-1)
N HGH —%é w1+ Kle-kn+ o+ K lo- 14)
J=BEN )= - ke -+ Do+ ko= 1)
= EERM= 22 e+ ke ke -+ lo+ ko)
=R =22+ Yle- ke -l K)o~ ko)
L ) S 74 o 74 ) R 74 (74 )
=B =- 2 ke ke -+ k- Y ko)
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z oz =z
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n
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= BN )= 2 e+ e+ Y-+ o+ Vo)
o = B0 =2+ o= VNt Vo)

Exercise 4 (page 130)

=
I

For the X coordinate,
7()=5¢le-1)
L(E)=1-¢°
HOSEEE)

For the h coordinate,

lf(n)%(l—n)

()= (1+7)

Using the above, the shape functions for the 6-node element are

N, (& n)=1; (&N ()=——§(§ 1fn-1)
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N, (€)= 1 (N ()= £l + -

Ny (Em)=5&)h(n)=
N(&m)=F ()=
N (&) =1 ()=~
No(&.m)=15(E)(n)=

[
-lkl»—‘-lkl'—‘

1
2

Exercise 3 (page 130)

Look at Figure 3.7.6 for the 27-node 3-dimensional element.

EE+1)n+1)
E(E-1)n+1)
( & -1

( — &7 Xn+l

1)

17(6) = £ -) 112(77):;77(77—1) 1 (¢)
1(§)=1-¢ 1) =1-1’ ;(¢)
BE)=geer)  Bl)=gn+) Q)
So, the shape functions are
N, =1 €N N2 (€)= 5 nc = 1Nn -1 - 1)
N, =N 0V (€)= e + D = 1)¢ =)
N, =BV ) (€)= ne &+ 1)+ 1Y 1)
Ny =V (€)= neé =+ 1)¢ 1)
No =N 3 C) = éne == 1Y +1)
Ny =B N0V (€)= En 6+ D =1)C +1)
N, = BNV (€)= 6+ N+ 1)¢ +1)
N, =B V3 (€)= énc =D+ 1)¢ +1)
Ng=l§(§)lf(n)lf(§)=in§( ~&* -1 1)

=
o

Il
~
W
—~
iy
~
/—\
\/
A
\_/

Il

Al— A=

g(E+1fi-n* ¢ -1)
n¢(1-&2 Jn+1)¢ -1)
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Exercise 1 (page 135)

Start with

(1-&)1-n)

(1+&)1-7)

(1+&)1+7)

— | =~

—

=,

o

=,

e}

=
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N, = ( ~&\1+7)

Since node 9 is not present, but nodes 5 through 8 are,

N, :%(1—52)(1—77
=%(1+§)(1—772)
:%(1_§2)(1+77)
- (1-8fi-7")

Now, adjust N, to N4 so that they vanish at the nodal points.

N=——( =&Ni=n)i+¢+n)
(1+§)(1—77)(1—§+77)
— 1 sfteni-¢-n)
——(1=&)1+n)1+E-n)

-bl»—‘ -l>|»—‘

Exercise 2 (page 135)
Coalescing nodes 3, 4, and 7 into node 3, set x; = x; = x;.

8
x=Y> N, x{ =N, x{+N, x;+(N, + N, + N, )x{+ Ny x{+Ng x{+ Ny x;

a=1
So that,

N, == (=M=t ge)

Ny == £fi-n)i-¢ )
N3’:N3+N4+N7:%77(1+77)
L2
=§(1—§ Xl—ﬂ)
N6'=11+§)(1—772)
o1
Ny :E f)(l )

Exercise 3 (page 135)
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After adjusting N, through N, before stopping, check whether any three nodes along an

edge is to be collapsed.

$ Yes

No

Stop

Collapsing nodes? - »

N;4— N;+ Ny + N5

N4:N7:0
N, 44— N, + N3 + Ng
N3:N6:0

N1<_N1+N4+N8
N4:N8:0

N, 4= N;+ N, + Ns
N2:N5:0

if collapsing top edge

if collapsing right edge

if collapsing left edge

if collapsing bottom edge




